AbstracL The Schrildinger equation for an electron and a multimode photon field with interactions is solved in the large-photon-number limit by using an 'integration' method. A graphical technique different from Fq?lman's is developed to reprsent the terms in the solution. By this graphical technique, all interactions between the electron and the multimode photon field are evaluated lo any arbitrary order according to the the wavefunclions for an electron interacting with a strong photon field which contains an arbitrary number of photon modes. The two-made case is discussed in detail as an example. Some interesting physical questions arising from the solutions are briefly discussed. As a simple application, a direct generalization of the Kcldysh-Faisal-Reis formula for the transition rate of multiphoton ionization, is given in the case where two different laser beams arc applied.
Introduction
This paper is a continuation of an earlier work (Guo and Drake 1992a , to he referred to as I) in which we obtained stationary solutions for an electron in an intense singlemode laser field. Here we generalize the solutions to the multimode case. We begin by developing an 'integration' method for the single-mode case which can readily be generalized to fields with any number of modes. The solution to the SchOdinger equation is obtained directly by neglecting terms which become infinitesimal in the large-photon-number limit. In this regard, the method differs from that in I, where we took the large-photon-number limit of the exact quantized-field solution. The two A general discussion and historical background for the single-mode case is given in I. There are many reasons for extending these solutions to the multimode case. For example, recent experiments on multiphoton ionization in standing electromagnetic waves (Bucksbaum et a1 1988) can be regarded as a two-mode problem with counterpropagating waves. This has been treated separately in a previous paper (Guo and L2l'aKG 13.7L"). CYCi,, I, LllG ,111Lta.1 m 3 * 1 "CIllll LULtI4LII> urtry U1K IIIUUC, a-,,cr,ng prucesses can produce additional modes. Also, electrons may absorb from one mode and emit into another (mode conversion). Finally it may b e useful to Fourier transform time-dependent interactions into an effective multimode problem.
During the last two decades, the classical solutions of Volkov (1935) and Gordon (1926) have been treated as quantized fields by several authors, as discussed in I. 
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(1) The modes can propagate in arbitrary directions.
(2) All modes can have arbitrary elliptical polarizations. (3) The present solutions are for the large-photon-number limit, but in the quantized-field version, thus making it possible to describe absorption and emission processes with definite transferred photon numbers. They also enable us to treat the electron and photons as an isolated~system, so that the wavefunctions for the electron and photons are energy eigenfunctions of the Hamiltonian.
(4) The present solutions are non-relativistic for the electron, but there is no long-wavelength approximation for the photons; Le. retardation is included in the photon vector-potential, and hence in the photon part of the wavefunction. This feature is particularly advantageous for treating strong radiation fields, in contrast with earlier non-relativistic semiclassical approaches that are mostly in the dipole approximation or in the long-wavelength approximation (Keldysh 1964 , Faisal 1973 , Reiss 1980 , Rosenberg 1982 , Chu and Cooper 1985 , Ehlotzky 1985 , where the lightcone directions are deformed, limiting their range of application.
The paper is organized as follows. In section 2 we develop the 'integration method' and present a graphical representation which allows the solutions to be easily written down. Section 3 discusses in detail the two-mode case as an example, and section 4 gives the generalization to an arbitrary number of modes. Finally, section 5 gives a brief discussion of some potential applications. The Hamiltonian €or a non-relativistic electron in a single-mode quantized radiawhere A ( -h . r) = g(ee'*"a + E * e -l k ' r a t )
and g = (2V,w)-'IZ, V, being the normalization volume of the photon field. N , is the photon number operator: and, as in I, K is a c-number determined by the requirement that the effect of the operator k N a can be replaced by nk in the non-relativistic limit, with K to be determined later (see (30) below). A detailed justification is given in I. Then (9) is a solvable equation in quantum optics (Loudon and Knight 1987). The Tntegration' method to follow makes it p s i b l e to obtain the solutions in the large-photon-number limit directly, without first going through the exact quantumfield solution. Since the method does not depend on the number of modes, once the single-mode case is solved by using the method, it can readily be generalized for multimode cases.
We start with (S), rewritten as
The operator H!, is identified as the new free-photon-energy term with the frequency shift e 2 g 2 / m , as a contribution due to the A2 term, while the operator VI is identified as the new interaction term.
Now any two operators 0 and F formly satisfy the relation
If F is an infinitesimal operator, we have
a formula that we will use extensively.
L. Pv.lmnin if n io nr "t .._ h . . , -
to guarantee that d t is a hermitian conjugate of d , and
'lb find a transformation which eliminates the new interaction term, we introduce the following concepts. The method of solving the wave equation (11) 
and note that V ' itself is infinitesimal when g -t 0. Hence, if we set the interaction term is eliminated in (20):
The operator F can be found by 'integration': (24) which satisfies the relation (15). Omitting an arbitrary normalization constant, we can set e F b =/ n ) 4 = e-' I n ) .
(25)
Using the definition (11) for H!, , the energy eigenvalue in (23) is then found to be If we define
we see that (27) is just the on-mass-shell condition for a non-relativistic electron with 4-momentum ( E + m e , P ) . Thus we have
where the constant K' is defined by Dong-Sheng Guo and G W F Drake
(29)
The electron is described non-relativistically, its velocity being much less than that of light, but retardation is included for the photons. Comparing (28) and (12) and using the fact that ( E + m,,p), ( E + m , , P ) and (w,k) are Lorentz 4-vectors, it is follows that
which thereby fixes the value of K. We can also define the important parameter z (31) with the interpretation that z w is the interaction energy.
If the radiation field is strong, the photon number becomes very large and the field takes on semiclassical characteristics. As in earlier work (Guo and Aberg 1988),
where A is the amplitude of the classical field. The present formalism remains valid for weak fields if the photon normalization volume tends to infinity, because we have g = (2V,w)-'I2 and the classical amplitude A of the field is finite, not infinitesimal.
We will call the limit (32) the large-photon-number limit.
It will be seen later that all four terms in (24) make finite contributions to matrix elements in the large-photon-number limit. For the moment, we assume that this k the case. All commutators of the four terms will then be zero or tend to vanish in the limiting process, in view of the relation [.,at] = I. 'Ib see this more dearly, write the terms in (24) in the form 6 k 1 a t k l and 6;2ak*, where the 6s are constants and each k i , ( i = 1,2) can have the values 1 or 2. Now suppose that in the largephoton-number limit 6kin4k* + Ci as In order to evaluate the matrix element (1 1 e-F I n ) in the large-photon-number limit, we separate F into two parts: Combining these results for k = 1 and k = 2, we obtain
and
The results for the matrix elements can symbolically be expressed by diagrams.
We define the following rules:
(i) A wiggly line as in figure l(a) denotes a multiphoton state In) with a large photon number 76. The orthogonality relation is symbolized by figure l(b) . For an internal line, the photon number is to be summed Over all number states In). (ii) A smooth line denotes a Bessel function multiplied by a phase factor:
The integer q is the transferred-photon number. It is to be considered a dummy variable and is to be summed from -ca to m. The meaning of the arrow is stated in the next rule.
(iii) A vertex as shown in figure l(c) connects photon number states In) and Im) with a Bessel function multiplied by a phase factor. Balance of photon numbers iS required at the vertices, as indicated in figure l(d) . The sum of the photon numbers of lines with inward arrow equals the sum of the photon numbers of lines with outward arrows. By these rules, (40) can be expressed graphically as shown in figure ~( I I ) , and (42), as shown in Bgure 2(b). 'lb write the matrix element (1 I e-* I n), we a n simply connect these two diagrams ( figure 2(c) ). It is easy to construct a proof as in figure 2(d) ; there is no need to write down the dummy variables, such as m, ql. and Generalizing the steps leading to (9), we apply the transformation As in the single-mode case (cf (lo)), we now define a vector P such that
4(T)
where K , and K, are c-numbers determined by the requirement that the effect of the operator h,Na, + &,Nag can be repiaced by K,L, + K,L, in the non-reiativistic limit, with K, and f i 2 to be determined later (see (79) where Inl,n,) is a free-photon state of WO modes, In1,n2) = 1nl)1n2). We shall evaluate the matrix element ( / 1 , / , I eCF I n l , n 2 ) in the large-photon-number limit.
Before giving the detailed proof, we indicate the graphical representation for the matrix element and write the algebraic expression according to the graph. We have 6 1 r -n~, q~+ 2 q 3 + q a + q a 6 f z -n 2 , q z + 2 9 4 + 9 r -q a '
By using the formulae developed in section 2 we are able to evaluate the single-mode parts in the diagram of figure 3, which are due to the factors e -F L , e-F2, e -F 3 , and
The arguments C1, C2, C3, and C4 of the Bessel functions For the parts due to e-Fs and e-F* we need to provide proofs. For the e-Fs part, we note first of all that A,-tends to a finite wlue in the large-photonnumber limit (cf (62) 
Generalization
The technique developed above can be generalized to an arbitraly number of modes. 
(84)
The inner product is denoted by 0 , e.g. 
Discussions

Photon-mode conversion
The multimode solutions we obtained here offer a powerful means to treat photonmode conversions. Photon-mode conversions appear in many phenomena such as multiphoton ionization, Compton scattering, generation of higher-order harmonics, and the Kapitza-Dirac effect (Kapitza and Dirac 1933, Bucksbaum d af 1988). The multimode solutions can have wide applications to these important effects. Our recent work (Guo and Drake 1992b) shows that in standing-wave multiphoton ionization processes, the photoelectron can absorb photons from one propagating mode and emit into the other propagating mode, thereby explaining the angular distribution 
